1. Introduction. Let faui) =0 have coefficients in a modular field F of characteristic p and be irreducible in F. Then fa[tíi)=0 and the field Fix) generated by any one of its roots x are called separable or inseparable according as faui) =0 has not or has multiple roots. It is well known f that if </»(co) =0 is inseparable, then <K">) = Hai"" (<*> in F), i and that there exist inseparable extensions F(x) of F if and only if some quantity a of F is not the pth power of any quantity of F.
An infinite field F is called perfect if either F is non-modular or every quantity of F has the form ßp where p is the characteristic of F and ß is in F. In any consideration of normal division algebras D over F the property that F is perfect is used only when we consider quantities of D and the minimum equations of these quantities. But if the degree n of D is not divisible by the characteristic p of F, then the assumption that F is perfect evidently has no value and is a needless extremely strong restriction on F.
In most of the papers on the structure of normal division algebras written recently in GermanyJ, the assumption has been that F is perfect. But I shall prove here that if F is perfect of characteristic p, then n is not divisible by p. Hence it is now necessary to consider algebras of degree pe over F of characteristic p, where F is not perfect.
I shall give here a brief discussion of the validity of the major results on algebras over non-modular fields when F is assumed to be merely any infinite field. Moreover, I shall determine all normal division algebras of degree two over F of characteristic two, of degree three over F of characteristic three. § 2. The existence of a maximal separable sub-field of A. Let A be any normal division algebra of degree n over any field F, and let be a basis of F. Then it is known* that if K is an algebraically closed extension of F, the algebra AK over K is a total matric algebra M. Let
where a, ß = 1, • • • , » and/ = (a -l)»+j3. The quantities Xj,-, ¿i,-,-are then in K and e«s corresponds to an »-rowed matrix with unity in the ath row and /3th column and zero elsewhere. The rank equation of A is the minimum equation of the quantity x =2^T..i£i'M«' where the £,-are independent variables. Then it is known that we have the resultf 3. Known theorems. In this section we shall state certain well known theorems on algebras over non-modular fields which hold for any infinite field.
We first have Theorem 4. Let D be a normal division algebra of degree n over F, and let Z be equivalent to any sub-field of D of degree n. Then DXZ = DZ is a total matric algebra.
Wedderburn's proof* of this theorem holds for an arbitrary field. As an immediate consequence of Theorem 2 we have Theorem 5. There exist separable splitting fields of D of degree n.
We of course say that Z is a splitting field of D if Dz is a total matric algebra.
We also have Wedderburn's theorems : Theorem! 6. Let A be a normal simple algebra of degree n2 over F. Then A =MXD~D, where M is a total matric algebra and D is a normal division algebra whose degree is the index of A. Moreover D and M are uniquely determined apart from an interior automorphism of A.
TheoremJ
7. Let B be a normal simple algebra over F contained in any algebra A over F with the same modulus as B. Then A=BxC where C also has the same modulus as A. The proofs given by Wedderburn of the above Theorems 6, 7 also hold in view of Theorem 5. They may also be applied, as in the non-modular case, to give my Index Reduction Theorem.* Let D be a normal division algebra of degree (index) n over any infinite field F, Z an algebraic field of degree r over F. Then the index of Dz over Z is n' = m/s, where the index reduction factor s divides r.
As a consequence we have the whole Brauer exponent theory as well as my Theorem! 8. Let D be a normal division algebra of degree » over any infinite field F, p a prime divisor of ». Then there exists a field Z of degree r over F such
where B is a cyclic division algebra of degree p over its centrum Z.
Theorem^ 9. Let Za be in D so that the degree r of the field Zo divides « and let Z be equivalent to Zo Dz = M X B, as in the Index Reduction Theorem. Then the algebra Bo over Zo of all quantities of D commutative with every quantity of Z0 is equivalent to B over Z.
We may indeed say that almost all of the recent general theory on normal division algebras holds when F is any infinite field. The determination theorems on algebras of degree 2, 3, 4 do not hold however. We shall give here a determination in the cases « = 2, 3, and, in a later American Journal paper, the case » = 4. We shall require Theorem 10. Let D be a normal division algebra of degree « over F, and let x in D have faui)=0 of degree v as its minimum equation. Then
where the v factors may be permuted cyclically.
Theorem § 11. Every root y in D of faui) =0 is a transform txt~1 = y of x by t in D.
Theorem 12. Let ffa) =g(o}) ■ h(cS) where f, g, h have coefficients in D and w is a scalar variable. Then if u-x is a right divisor of /(«), h(o})^q(u) iu-x)+R where R^O is in D, thenoe-RxR-1 is a right divisor of g(w).
4. Algebras over perfect fields. We may now prove Theorem 13. Let D be a normal division algebra of degree n over a perfect modular field F of characteristic p. Then n is not divisible by p.
For by Theorem 8, if » is divisible by p then there exists an extension Z of finite degree over F, such that DXZ = MXB where F is a cyclic division algebra of degree p over F. But it is known* that then Z is perfect. Moreover B = iX, S, 7) where X is cyclic of degree p over Z and with generating automorphism S, 7 in Z is not the norm N(f) of any / in X. But Z is perfect, y = 8p = N(8), a contradiction.
5. Algebras of degree two. Let D be a normal division algebra of degree two over an infinite field F of characteristic two. By Theorem 2, algebra D contains a separable quadratic field F(x), x2 = \x+ß where X^O, p^O are in F. We let ¿=X-1a; so that ¿2=X~2 (Kx+ß) =i+a where a=pX-2^0 is in F. The equation w2=a+a is cyclic and in fact has the roots i,i+\.
By Theorem 12 there exists a quantity y in D such that ji = ii+l)j.
But then j2i = ij2. Since F(i) is a maximal sub-field of A, the quantity j2 is in F(j). But F(j2) <F(i) since jj2 =j2j, but ji^ij. Hencej2 = y in F and we have proved Theorem 14. Every normal division algebra D of degree two over F of characteristic 2 is a cyclic algebra is zero then evidently <p(oi) is a cyclic equation, D is a cyclic algebra. For w2»i = unH impUes that u2 is in F(ui).
Hence let xy^O. By Wedderburn's proof for the case where the characteristic of F is not three, we have XUx = U2X, XU2 = U3X, XU3 = UxX, so that x3Ux = UxX3 and x3 is in F. Let then x3 = 8 in F.
The minimum equation of x with respect to F is face) m co3 -ô = (co -x)3 = 0, so that F(x) is inseparable and Wedderburn's proof breaks down. But let v=uxx-xux = (ux-u2)xt¿0. Write x=Xi. Then Xi^MiXiMf1 since'(xi-«Xiwr1)«! = xux-uxx= -V9¿0. Hence co-UxXxur1 is a right divisor of \f/(cû) but not of w-x, and, by Theorem 12, with R = uxXxur1-x1 = vur1 we have co-vxxV1 a right divisor of (co-xi)2. We have obtained If x2 = xi then u1-u2 = u2-u3. But 3u2 = 0, u1 -2u2+u3 = Ux+u2+u3=0=a, a contradiction. Hence x2?^Xi. Also x3+x2+Xi = 0, x3+x2 = 2xi, x3-Xi = xi-Xs^O, x3-x2 = 2(xi-x2) 5¿0. Thus x3, x2, Xx are all distinct and we have obtained a factorization in D of ^(co) into distinct factors in spite of the fact that ^(co) =0 is inseparable.
Moreover (co-Xi)3 = (co-x2)3 = (co-x3)3 = (co-Xi) (co-x3) (co-x2), so that (co-x2)2 -(co-Xi) (co-x3) and xix3 = x22.
If x2Xi-xix2 = 0, then x2?^xi is in F(xi), (x2-xi)3=x23 -Xi8 =0, a contradiction. Hence y = x2Xi-XiX2^0. By the Wedderburn proof* yxi = x¡¡y, yx2 = x3y, yx3=Xiy, y3=e in F.
* These Transactions (loc. cit.), 1921.
